We measure the gravitational recoil for unequal-mass-black-hole-binary mergers, with the larger BH having spin a/m H = 0.8, and the smaller BH non-spinning. We choose our configurations such that, initially, the spins lie on the orbital plane. The spin and orbital plane precess significantly, and we find that the out-of plane recoil (i.e. the recoil perpendicular to the orbital plane around merger) varies as η 2 /(1+q), in agreement with our previous prediction, based on the post-Newtonian scaling.
I. INTRODUCTION
The recent observational discovery of a possible recoiling supermassive black hole at a speed of 2650 km s −1 with respect to its host galaxy [1] represent the first observational evidence in support of the predictions of General Relativity in the strong-field, highly-dynamical, and highly-nonlinear regime. This recoil, if it in fact resulted from a black-hole merger, would confirm the theoretical prediction of Campanelli et al. [2] that black-hole mergers can lead to very large recoils. This original prediction, and the subsequent calculation [3] that indicated that such recoils can be as large as 4000 km s −1 , has been a key trigger for the recent theoretical efforts to determine EM signatures of large recoils and the astronomical searches for these signatures [1, 4, 5, 6, 7, 8] .
Thanks to recent breakthroughs in the full non-linear numerical evolution of black-hole-binary spacetimes [9, 10, 11] , it is now possible to accurately simulate the merger process and examine its effects in this highly nonlinear regime [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] . Black-hole binaries will radiate between 2% and 8% of their total mass and up to 40% of their angular momenta, depending on the magnitude and direction of the spin components, during the merger [14, 15, 16] . In addition, the radiation of net linear momentum by a black-hole binary leads to the recoil of the final remnant hole [2, 3, 7, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47] , which can have astrophysically important effects [2, 7, 48, 49, 50, 51] .
In [2] we introduced the following heuristic model for the gravitational recoil of a merging binary.
V recoil (q, α i ) = v mê1 + v ⊥ (cos(ξ)ê 1 + sin(ξ)ê 2 ) + v ê z ,
where
A = 1.2 × 10 4 km s −1 [31] , B = −0.93 [31] , H = (6.9 ± 0.5) × 10 3 km s −1 , α i = S i /m 2 i , S i and m i are the spin and mass of hole i, q = m 1 /m 2 is the mass ratio of the smaller to larger mass hole, η = q/(1 + q) 2 is the symmetric mass ratio, the index ⊥ and refer to perpendicular and parallel to the orbital angular momentum respectively at the effective moment of the maximum generation of the recoil (around merger time),ê 1 ,ê 2 are orthogonal unit vectors in the orbital plane, and ξ measures the angle between the "unequal mass" and "spin" contributions to the recoil velocity in the orbital plane. The angle Θ was defined as the angle between the inplane component of ∆ ≡ (m 1 +m 2 )( S 2 /m 2 − S 1 /m 1 ) and the infall direction at merger. The form of Eq. (2a) was proposed in [31, 52] , while the form of Eqs. (2b) and (2c) was proposed in [2] based on the post-Newtonian expressions in [53] . In Ref [3] we determined that K = (6.0±0.1)×10
4 km s −1 , and made the first prediction that the maximum possible recoil is ∼ 4000 km s −1 for equalmass binaries with anti-parallel spins in the orbital plane (in Ref. [47] , we performed simulations with a measured recoil of 3250 km s −1 ). Although ξ may in general depend strongly on the configuration, the results of [37] and post-Newtonian [53] calculations show that ξ is 90
• for headon collisions, and the results presented in Ref. [54] indicate that ξ ∼ 145
• for a wide range of quasi-circular configurations. A simplified version of Eq. (1) that models the magnitude of V recoil was independently proposed in [39] , and a simplified form of Eq. (2b) for the equalmass aligned spin case was proposed in [36] . A more general formula, using only symmetry arguments and fits to numerical data, was recently proposed in [55, 56] .
Our heuristic formula (1) describing the recoil velocity of a black-hole binary remnant as a function of the parameters of the individual holes has been theoretically verified in several ways. In [3] the cos Θ dependence was established and was confirmed in [43] for binaries with different initial separations. In Ref. [42] the decomposi-tion into spin components perpendicular and parallel to the orbital plane was verified, and in [46] it was found that the quadratic-in-spin corrections to the in-plane recoil velocity are less than 20 km s −1 . Recently, Baker et al. [57] measured the recoil for unequal-mass, spinning binaries, with spins lying in the initial orbital plane, and concluded that the leading order dependence of the outof-plane kick was O(η 3 ), rather than the O(η 2 ) that we predicted. In this paper we examine this dependence in detail.
As pointed out in [57] the consequences of an O(η 3 ) dependence of the recoil, rather than an O(η 2 ) dependence, are significant for both the retention of intermediate mass black holes (IMBH) in globular clusters and supermassive black holes in galaxies. It is thus important that we understand how the recoil depends on mass ratio.
In their paper, Baker et al. [57] analyzed configurations that required fitting two angle parameters (for a given value of q) before the maximum recoil could be obtained. Their configuration also produced very small recoil velocities for smaller values of q. In order to help clearly display the dependence, we choose configurations that only require fitting one angle parameter in Eq. (2c), and have a substantial recoil even for our smallest mass ratios. In addition, the Baker et al. [57] runs were constructed such that the spin of the larger black hole is proportional to the mass ratio squared times the spin of the smaller BH, i.e. α 2 = q 2 α 1 , where q = m 1 /m 2 < 1, and α 1 < 1 is the spin of the smaller black hole. In the small mass ratio limit, this leads to a small, very highly rotating hole (for any spin-induced recoil to be observable) orbiting a large, essentially nonrotating, BH. This configuration does not match the expected astrophysical scenario since large BHs are expected to have high spins. Our choice of configuration more closely matches the astrophysical scenario when q → 0 because in that limit the recoil becomes independent of the spin of the smaller BH, as is apparent in the factor of α 2 − qα 1 in Eq. (2c).
The paper is organized as follows, in Sec. II we review the numerical techniques used for the evolution of the black-hole binaries and the analysis of the physical quantities extracted at their horizons, in Sec. III we present results and analysis, and in Sec. IV we present our conclusions.
II. TECHNIQUES
To compute initial data, we use the puncture approach [58] along with the TwoPunctures [59] thorn. In this approach the 3-metric on the initial slice has the form γ ab = (ψ BL + u) 4 δ ab , where ψ BL is the BrillLindquist conformal factor, δ ab is the Euclidean metric, and u is (at least) C 2 on the punctures. The Brill-Lindquist conformal factor is given by
where n is the total number of 'punctures', m p i is the mass parameter of puncture i (m p i is not the horizon mass associated with puncture i), and r i is the coordinate location of puncture i. We evolve these black-hole-binary data-sets using the LazEv [60] implementation of the moving puncture approach [10, 11] . In our version of the moving puncture approach we replace the BSSN [61, 62, 63] conformal exponent φ, which has logarithmic singularities at the punctures, with the initially C 4 field χ = exp(−4φ). This new variable, along with the other BSSN variables, will remain finite provided that one uses a suitable choice for the gauge. An alternative approach uses standard finite differencing of φ [11] . Recently Marronetti et al. [64] proposed the use of W = √ χ as an evolution variable. For the runs presented here we use centered, eighth-order finite differencing in space [65] and an RK4 time integrator (note that we do not upwind the advection terms).
We use the CACTUS framework [66] with the CAR-PET [67] mesh refinement driver to provide a 'moving boxes' style mesh refinement. In this approach refined grids of fixed size are arranged about the coordinate centers of both holes. The CARPET code then moves these fine grids about the computational domain by following the trajectories of the two black holes.
We obtain accurate, convergent waveforms and horizon parameters by evolving this system in conjunction with a modified 1+log lapse and a modified Gamma-driver shift condition [10, 68] , and an initial lapse α(t = 0) = 2/(1 + ψ 4 BL ). The lapse and shift are evolved with
Note that we denote the Gamma-driver parameter by σ rather than the more typical η to avoid confusion with the symmetric mass ratio parameter. These gauge conditions require careful treatment of χ, the inverse of the three-metric conformal factor, near the puncture in order for the system to remain stable [10, 12, 20] . In our tests, W showed better behavior at very early times (t < 10M ) (i.e. did not require any special treatment near the punctures), but led to evolutions with lower effective resolution when compared to χ. Interestingly, a mixed evolution system that evolved W for t < 10M and χ for t > 10M showed inaccuracies similar to the pure W system. At higher resolution W and χ agreed with good accuracy. In Ref. [69] it was shown that this choice of gauge leads to a strongly hyperbolic evolution system provided that the shift does not become too large. We use AHFinderdirect [70] to locate apparent horizons. We measure the magnitude of the horizon spin using the Isolated Horizon algorithm detailed in [71] . This algorithm is based on finding an approximate rotational Killing vector (i.e. an approximate rotational symmetry) on the horizon, and given this approximate Killing vector ϕ a , the spin magnitude is
where K ab is the extrinsic curvature of the 3D-slice, d 2 V is the natural volume element intrinsic to the horizon, and R a is the outward pointing unit vector normal to the horizon on the 3D-slice. We measure the direction of the spin by finding the coordinate line joining the poles of this Killing vector field using the technique introduced in [16] . Our algorithm for finding the poles of the Killing vector field has an accuracy of ∼ 2
• (see [16] for details). The mass of the horizon is given by the Christodoulou formula
where m irr is the irreducible mass. We also use an alternative quasi-local measurement of the spin and linear momentum of the individual black holes in the binary that is based on the coordinate rotation and translation vectors [45] . In this approach the spin components of the horizon are given by
0 is the coordinate displacement from the centroid of the hole, while the linear momentum is given by
We measure radiated energy, linear momentum, and angular momentum, in terms of ψ 4 , using the formulae provided in Refs. [72, 73] . However, rather than using the full ψ 4 we decompose it into ℓ and m modes and solve for the radiated linear momentum, dropping terms with ℓ ≥ 5 (only the ℓ = 2 and ℓ = 3 modes make significant contributions to the recoil). The formulae in Refs. [72, 73] are valid at r = ∞. We obtain highly accurate values for these quantities by solving for them on spheres of finite radius (typically r/M = 50, 60, · · · , 100), fitting the results to a polynomial dependence in l = 1/r, and extrapolating to l = 0. We perform fits based on a linear and quadratic dependence on l, and take the final values to be the quadratic extrapolation with the differences being the extrapolation error.
A. Initial Data
We evolve quasi-circular configurations with a more massive spinning black hole, with specific spin a/m H = 0.8 pointing in the initial orbital plane, and a nonspinning smaller BH. The orbital parameters where chosen using 3PN parameters for quasi-circular orbits with orbital period M ω = 0.05, which provides the puncture locations and momenta. We normalize the puncture mass parameters so that the total ADM mass is 1M and the mass ratio is the specified one. We then modify the configurations by rotating the initial spin direction (which has a small effect on the total ADM mass). We denote these configurations by QXXXTHYYY, where XXX denotes the mass ratio (XXX=100 for q = 1, XXX=66 for q = 2/3, XXX=50 for q = 1/2, XXX=40 for q = 1/2.5, XXX=33 for q = 1/3, XXX=25 for q = 1/4, XXX=17 for q = 1/6, and XXX=13 for q = 1/8) and YYY gives the angle (in degrees) between the initial spin direction and the y-axis. The initial data parameters are summarized in Table I . These configuration have several advantages when modeling the out-of-plane kick as a function of mass ratio. First, one need only fit to two parameters (one angle and one amplitude) to determine the maximum recoil for a given mass ratio; improving the statistical reliability of the estimated maximum recoil. Second, the maximum recoil velocity is quite large, even for q = 1/6, ensuring that errors in measuring the maximum recoil velocity are not a significant fraction of the recoil itself. In addition the functional form used in our non-linear fits, A cos(ϑ − B), yields a more robust measurement of A when compared to fits of C cos(ϑ 1 − D) + E cos(ϑ 2 − F ) (as used in Baker et al.) for small sample sizes (i.e. the functional form used here is more amenable to an accurate fit when the sample size is small). (See Fig. 5) 
B. Determining the Orbital Plane
These configuration show significant orbital precession, as demonstrated in Fig. 1 , that presents a significant challenge when modeling the recoil. Our empirical formula (1) decomposes the recoil in terms of velocities parallel and perpendicular to the angular momentum. Thus we need an accurate determination of the orbital plane near merger (where most of the recoil is generated [43, 54] ). We determine an approximate plane by choosing points along the plunge trajectory near where |ṙ| and |r| have extrema. We then find a rotation, such that the late-time approximate orbital plane is rotated onto the xy-plane. In order to model the out-of-plane recoil, we need to measure it as a function of the orientation of the spin vector during merger. We do this by fixing the remaining freedom in the transformation such that the transformed trajectories (for a given sequence of configurations) coincide (approximately) near merger. We then measure the spin direction at some fixed fiducial point along the merger trajectory (in practice, at the point r 0 discussed below) and fit the out-of-plane kick to the form V = A cos(ϑ − B), where ϑ is the angle between the in-plane component of the spin at this fiducial point TABLE I: Initial data parameters for the quasi-circular configurations with a non-spinning smaller mass black hole (labeled 1), and a larger spinning black hole (labeled 2). The punctures are located at r1 = (x1, 0, 0) and r2 = (x2, 0, 0), with momenta P = ±(0, P, 0), spins S2 = (Sx, Sy, 0), mass parameters m p , horizon (Christodoulou) masses m H , and total ADM mass MADM. The configuration are denoted by QXXXTHYYY where XXX gives the mass ratio (0.17, 0.25, 0.40, 0.33, 0.50, 0.66, 1.00) and YYY gives the angle in degrees between the initial spin direction and the y-axis. In all cases the initial orbital period is M ω = 0.05. for a given configuration with the in-plane spin for the corresponding QXXXTH000 configuration.
We determine the orbital plane during merger in the following way. We plot r = | r 1 − r 2 | as a function of time and determine the location of the maximum of |ṙ|.
We then choose two points on either side of the maximum with similar values of |ṙ| and a third point close to the maximum. We denote these three points of the trajectory with r + , r 0 , and r − . We then choose a rotation such that the vector r a = r + − r 0 lies on the new y-axis and that the normal to the plane determined by r a and r b = r − − r 0 lies along the new z-axis. With these choices we uniquely determine a rotational transformation from the coordinates used by the code to coordinates where the plunging orbital plane coincides with the xy plane. This transformation also rotates the trajectories in the appropriate way such that trajectories with similar late-time dynamics will overlap during merger (this is a generalization of the procedure given in Ref. [47, 54] ).
In Fig. 1 we show the orbital trajectory difference r 1 − r 2 for the Q25TH000 and Q25TH210 configurations. Note the significant precession and that the orbital planes near merger do not coincide. Fig. 2 shows that, after rotating the plane, as described above, the merger trajectories coincide.
In Figs. 3 and 4 we show the xy projections of the trajectories for the Q25THYYY configurations before and after rotating the merger orbital plane. Note that prior to this transformation, there is no rotation in the xy plane that will make the late-time trajectories overlap and the reasonable overlap of the late-time trajectories for the transformed case.
III. RESULTS
We used the following grid configurations for the runs. For the q = 1/2, q = 1/2.5, and q = 1/3 runs we placed the outer boundaries at 1664M with a coarsest resolution of h = 25.6M , we used 12 levels of refinement around the smaller BH, with finest resolution of h = M/80, and 11 levels of refinement around the larger BH. For the q = 1/4 runs we added an additional level of refinement around the smaller BH, for q = 1/6 and q = 1/8 we added two additional levels (for a total of 14) , and for the q = 2/3 runs we added an additional level of refinement about the larger BH. For the q = 1 runs we used 11 levels of The trajectory r1 − r2 for the Q25TH000 and Q25TH210 configurations after rotating the system. Note the good agreement in the late time trajectories and that these trajectories now lie on the xy plane. The solid points are the locations of r+, r0, and r−. Note that these points agree for both curves. refinement around the non-spinning hole and 12 levels of refinement around the spinning hole. In the q = 1/4 case, we found that using eighth-order accuracy was critical, as incorrect dynamics (outspiral rather than inspiral when evolving with χ, and plunges rather than inspirals when evolving with W ) resulted when using fourth order methods. The dynamics obtained from the W and χ systems agreed when using eighth-order methods. In all cases we used σ = 3 in the Gamma-driver shift condition. In addition we ran all q = 1/4 configuration with a higher resolution (by a factor of 1.2) for all levels (See Sec. III A).
In Table II we give the radiated energy and angular momenta for all configurations, as well as the untransformed recoil velocities.
In order to measure the dependence of our recoil calculations on the choice of r + , r 0 , r − (the three points in the trajectory that define the late-time orbital plane) we make two choices for these quantities a fiducial choice (r + , r 0 , r − )/M = (2.0, 1.0, 0.5) and a second choice (r + , r 0 , r − )/M = 2.2, 1.2, 0.7) based on the point in the orbital trajectory when |ṙ(r)| is a maximum. For our runs we found that the maximum in |ṙ(t)| occurs at r = (1.2 ± 0.1). We also use an alternative approach, discussed in Sec. III C, where we choose (r + , r 0 , r − ) to be the extrema ofṙ(t) andr(t) during the plunge phase. In this latter approach, the values of (r + , r 0 , r − ) vary with each configuration and generally produce poorer results than for the fixed choice of (r + , r 0 , r − ). In Table III we show how these two choices affect the calculation of v and v ⊥ , the spin component in and out of the plane, and the angle between the in-plane spins with the corresponding spin for the TH000 configurations (ϑ). Note that we report the magnitude of the in-plane (i.e. v ⊥ ) recoil and spin a ⊥ , because modifying (r + , r 0 , r − ) introduces additional rotations within the orbital plane; making a direct comparison of x and y components meaningless. Note that there is scatter in both the in-plane and out-plane components of the spin. The scatter in the out-of-plane component appears to be relatively significant due to its small average value. The source of this scatter may simply be due to errors in estimating the true direction of the orbital plane (since the spin in the plane is large). We take the average value of the in-plane spin when fitting to Eq. (1) below.
Our empirical formula (1) predicts that v will scale as cos(ϑ − ϑ 0 ). For each set of configurations with a given mass ratio, we perform a non-linear least squares fit of v to the form
and solve for A and B. The results of these fits are summarized in Table IV . In Fig. 5 we plot the individual data points for each mass ratio and the best fit function. Note that the effect of refining the grid is to slightly increase the magnitude of the out-of-plane recoil.
With the above results we can now fit the maximum out-of-plane recoil (v ) versus q. Our empirical formula (1) predicts that this maximum will have the form
For all of our configurations α 2 ≈ 0, and hence v = α 1 Kη 2 /(1 + q). Interestingly, this form has a maximum 504.7 ± 4.5 Q25TH130HR 1.736 ± 0.021 −7.811 ± 0.057 −0.682 ± 0.012 7.793 ± 0.012 −683.3 ± 2.4 −549.1 ± 13.4 400.6 ± 1.6 Q25TH210HR 1.629 ± 0.022 −1.129 ± 0.002 −7.430 ± 0.038 7.622 ± 0.134 −245.6 ± 8.2 656.9 ± 0.9 −512.7 ± 4.4 Q25TH315HR 1.715 ± 0.020 7.618 ± 0.043
1.323 ± 0.023 7.692 ± 0.005 −539.0 ± 1.7 −549.2 ± 11.6 −300.4 ± 0.7 TABLE III: The transformed spin (at r = r0), recoil velocities in km s −1 , and angles between the in-plane QXXXTH000 spins and the other QXXXTHYYY configurations in degrees. A '1' denotes a quantity measured using (r+, r0, r−)/M = (2.0, 1.0, 0.5), while a '2' denotes a quantity measured using (r+, r0, r−)/M = (2.2, 1.2, 0.7). The differences between the values given for (2.0, 1.0, 0.5) and (2.2, 1.2, 0.7) are indicative of the errors. Note that in the transformed system Lz and Sz are both negative (i.e. there is some partial spin/orbit alignment. We denote quantities in the (transformed) orbital plane with a ⊥ subscript. The Q25THXXX quantities given on the bottom of the table are for the higher resolution runs. See Sec. III A for an explanation of the differences. The time derivative of the orbital separation |ṙ| is a maximum at r ∼ 1.2. at q = 2/3. Baker et al. [57] propose that Eq. (1) should be modified to v = 4Kη 3 /(1 + q)(α 1 − qα 2 ) (which has a maximum at q = 3/4 for fixed α 1 and α 2 = 0). In order to discriminate between these two possibilities we fit our data to the form
where we set G = K and solve for H, as well as allowing both G and H to vary. Here α = |α
It is important to note that our fits use eight values of q to obtain one or two parameters. In Figs. 6, 7 , and 8 we show results from these fits for the choices (r + , r 0 , r − ) = (2, 1, 0.5) and (r + , r 0 , r − ) = (2.2, 1.2, 0.7). In the figures we plot the predicted recoil velocity using both our formula and the one proposed by Baker et al. assuming an uncertainty in K twice as large as that given in [3] . From the plots we can see that the recoil velocities agree with our empirical formula much better than with the Baker et al. modification. The best fit functions have the form v /α = Kη 1.91±0.062 /(1 + q) (with a root mean square error in the predicted v/α of 68 km s −1 ) and v /α = Kη 2.036±0.046 /(1+q) (with a root mean square error in v/α of 46 km s −1 ) for the choices (r + , r 0 , r − ) = (2, 1, 0.5) and (r + , r 0 , r − ) = (2.2, 1.2, 0.7) respectively, where K was set to K = 6.0 × 10 4 , and v /α = (62965 ± 746)η 2.027±0.048 /(1 + q) (with a root mean square error in the predicted v/α of 35 km s −1 ) and v /α = (62024 ± 555)η 2.127±0.037 /(1 + q) (with a root mean square error in the predicted v/α of 26 km s −1 ) respectively when both G and H are varied. The value of the constant K = G fit determined in these latter two fits is in reasonable agreement with our previous measurement of K = (6.0 ± 0.1) × 10 4 .
A. Finite difference errors
The effect of finite difference errors are most significant for the smaller q runs. Here the main effect regarding our   FIG. 6 : Fit of out-of-plane recoil (V /α) versus mass ratio q for the (r+, r0, r−) = (2, 1, 0.5) choice of orbital plane. The top shaded region shows our predicted value for K = (6.0 ± 0.2) × 10
4 , the lower region shows the prediction based on the modification proposed by Baker et al., the lower (green) curve shows a fit to η n , while the upper (blue) curve has a simultaneous fit to η n and K. Note that the measured values of V /α, while slightly overshooting the predictions, agree much better with our O(η 2 ) form. The dots are the locations of the data points. calculation is that the ϑ is rotated with respect to its analytic value (See e.g. [54] ). This means that, although there may be significant errors in both the magnitude and direction of the recoil in a particular run, the maximum recoil (as determined by the fit (8)) for a given q is relatively insensitive to this error. This can be seen in the dependence of A in Eq. (8) on resolution for the q = 1/4 case in Table IV . This relatively small difference is smaller than the mean error in the fits to the form (9). If we perform the fit to form (9) using the high-resolution q = 1/4 results, then the fitting param-
The out-of-plane recoil (V /α) versus mass ratio q for both choices of (r+, r0, r−) as well as the predictions assuming a leading η 2 and η 3 dependence. The solid lines show the prediction assuming a leading η 2 dependence and an error in K of 0.2 × 10 4 km s −1 , while the dotted lines show the prediction assuming a leading η 3 dependence and an error in K of 0.2 × 10 4 km s −1 . The ((r+, r0, r−) = (2, 1, 0.5) data points lie above the (2.2, 1.2.0.7) data points. The (2.2, 1.2.0.7) data points lie closer to the predicted values, which is consistent with the observation that r0 = 1.2 is a better approximation to the location of the maximum of |ṙ| for all configurations than |ṙ = 1|. The differences in these data points (for a given q) is indicative of the true error in calculating the out-of-plane recoil. eters change from (G = 62965 ± 746, H = 2.03 ± 0.04) to (G = 62908 ± 805, H = 2.01 ± 0.05) and from (G = 62023 ± 555, H = 2.13 ± .04) to (G = 61974 ± 584, H = 2.11 ± 0.04) for the choices (r + , r 0 , r − ) = (2, 1, 0.5) and (r + , r 0 , r − ) = (2.2, 1.2, 0.7) respectively (i.e. the change is not statistically significant).
Note that although we expect the q = 1/6 and q = 1/8 results to be less accurate than those of the more modest mass ratio cases, including these simulations does not change the observed η dependence. This strongly suggests that the η dependence is robust against finite difference errors.
We note that very recent work in PN prediction of the recoil [74] and perturbative calculations (a work in progress by the authors) show that there is an η 3 correction to the leading η 2 dependence of the out-of-plane recoil. An attempt to fit our data to the functional form V /α = (Aη 2 + Bη 3 )/(1 + q) does not yield an accurate evaluation of B because the functional form of the recoil is insensitive to B at the level of accuracy we obtained. That is to say, even if B is large, for example B ∼ 39000 and A ∼ 52000 is correspondingly smaller (such that Bη 3 + Aη 2 ∼ 60000/16 when η = 1/4) the maximum change in the predicted recoil is of order 10 km s −1 over the entire range of η. We note that both the PN and perturbative predictions include a leading order η 2 dependence for all configurations including those of Baker et al. [57] .
B. The In-Plane Recoil
The empirical formula (1) provides an accurate prediction for the large out-of-plane recoil as a function of mass ratio (and most importantly, an accurate prediction of the magnitude of the recoil). Interestingly, the in-plane recoil seems to be larger than initially expected. Examining Table III , we see that the magnitude of the in-plane recoil v ⊥ is larger than the predictions of Eq. (1) (the maximum predicted in-plane recoil velocity for the unequal mass cases is about 100 -200 km s −1 and is dominated by the unequal-mass, rather than spin, component of the recoil; while for the equal-mass case, the in-plane recoil is ∼ 50 km s −1 ). The excess in-plane recoil can be understood in terms of a newly discovered higher-order effect (here demonstrated for the first time) that is due to the precession of the orbital plane. To understand this effect we need to consider how the net recoil is generated. As the binary merges, asymmetrical radiation leads to an oscillation in the momentum of the center of mass. In the more symmetrical 'superkick' configurations, with equalmass and equal-and-opposite spins (with spins in the orbital plane), this leads to the center-of-mass alternately recoiling up and then down in an oscillatory manner. The total recoil is then determined by where in this cycle the plunge occurs. Here this upward/downward oscillation is superimposed upon a precession of the orbital plane itself. Thus, for example, a strong 'upward' recoil (i.e. a recoil along the orbital angular momentum direction) at one point during the merger will not be exactly in the opposite direction as the following 'downward' recoil. This has two effects, the two recoils can never cancel exactly, and a recoil that initially was entirely out-of-plane actually has an in-plane component with respect to the final plunge orbital plane. Thus both the 'upward' and following 'downward' recoil both contribute, in general, to the in-plane recoil. To put it another way, in the precessing case, there is a correction to the in-plane-recoil which is a function of the history of the instantaneous out-of-plane recoil and the extent that the orbital plane precesses when the instantaneous recoil is large. However, the recoil is only large near merger, and the orbital plane does not precess to a high degree during this short time period (making the correction a higher-order effect). Thus the effect, while significant for the much smaller in-plane recoil, is not significant for the much larger out-of-plane recoil. In addition, we note that, as seen in Fig. 6 the empirical formula underestimates the out-of-plane recoil to a moderate degree, which is consistent with the noncancellation of the upward/downward recoils induced by the orbital plane precession. (We note that the amount of precession, per orbit, becomes progressively smaller for larger orbital separations, and hence the cumulative effect of this non-cancellation is not expected to introduce a significant recoil at the orbital separations corresponding to the start of our simulations.) Thus it appears that there are higher-order effects in the precessing case that perturb the out-of-plane recoil as well. These newly discovered effects are likely modeled by higher-order PN terms in the empirical formula and we are in the process of investigating how the in-and out-of-plane recoils are affected, with the goal of incorporating these effects into the formula. This will be the subject of a forthcoming paper by the authors.
We also note that the that the difference in the magnitude of the in-plane component of the recoil for the two choices of (r + , r 0 , r − ) are around 25%. These differences are due to the fact that the out-of-plane recoil is very large compared to the in-plane recoil, and hence a small error in the direction associated with the orbital plane will lead to relatively large changes in the calculated 'inplane' recoil. For example, if the out-of-plane recoil is 1000 km s −1 and the direction of the orbital plane has an error of 5
• , then the in-plane recoil will have an error of 1000 sin(5 • ) km s −1 ∼ 90 km s −1 . Note that this error is too small to explain the large magnitude of the in-plane recoil, which appears to be due to a newly discovered physical effect mentioned above.
C. An alternative choice for the plane
In this section we reanalyze the recoil velocities using a choice of orbital plane adapted to each individual run. In Fig. 9 we showr(t) as a function of r during the merger. From the figure we can see that there is some scatter in the locations of the zero, maximum, and minimum ofr(t), but are generally independent of both the initial angle and mass ratio (this observation justifies our choice above of using fixed choices for (r + , r 0 , r − )). In this analysis we chose r + to be the location of the minimum inr(t), r 0 to be the location of the zero (i.e. location where |ṙ(t)| is maximized), and r − to be the location of the maximum inr(t). This choice has the advantage that we do not use any 'fiducial' choices for (r + , r 0 , r − ). Table V summarizes the results for the transformed recoil velocities and kicks, while Table VI summarizes the fit parameters A and B after fitting the results from each mass ratio to the form (8) . A fit of the maximum recoil velocity per mass ratio to the form (9) yields H = 1.904 ± 0.041 when G = K and (H = 1.954 ± 0.05, G = (6151±804)km s −1 ) when both H and G are allowed to vary. These results are in good agreement with those for the fixed choices of (r + , r 0 , r − ). Finally, in Fig. 10 we show fits of the maximum out-of-plane recoil versus mass ratio using this choice of adaptive plane parameters. Note that with this method the scatter in the plot is more significant, indicating that a fixed choice of plane parameters produces a more robust estimate of the outof-plane recoil. We also note that the choice of plane parameters (r + , r 0 , r 0 ) = (2.2, 1.2, 0.7) gives the best fits, which is consistent with the observation that r 0 = 1.2 is well adapted to the locations of the maximum in |ṙ| for the runs considered here.
Finally, we note that the error in the recoil velocities due to finite starting time were of order 10 km s −1 in The transformed spin (at r = r0), recoil velocities in km s −1 , and angles between the in-plane QXXXTH000 spins and the other QXXXTHYYY configurations in degrees when r+ is chosen to be the value of r whenr(t) reaches its minimum, r0 is the value of r whenr(t) = 0 (i.e. when |ṙ(t)| is at its maximum), and r− is the value of r whenr(t) reaches its maximum. Note that in the transformed system Lz and Sz are both negative (i.e. there is some partial spin/orbit alignment. We denote quantities in the (transformed) orbital plane with a ⊥ subscript. each direction for all runs. We estimated these errors by looking for a systematic offset in the recoil velocity when plotted as a function of time (See Fig 11) . These errors, while not insignificant do not change the results of our analysis because they are the same order as the errors due to extrapolations to infinity and the errors in the fits of the recoil.
Config

IV. CONCLUSION
In this paper we explored the merger recoil from precessing black-hole binaries with a larger spinning black hole (with initial spin a/m = 0.8) in quasi-circular orbit with a smaller non-spinning black hole. We introduced techniques to determine the normal to the orbital plane at merger and thus decompose the recoil into its in-plane and out-of plane components. However, there are important open questions about the accuracy of the determination of the orbital plane, the spin direction, and spin magnitude. All these quantities are measured in the highly dynamical region around the merger. In this work we have introduced techniques to begin studying this problem that will need to be refined. The issue of the in-plane recoil is particularly important, because large in-plane recoils imply that our heuristic formula needs to be modified for strongly precessing binaries. Nevertheless, our results, as seen in Fig. 8 , indicate that the out-of-plane recoil has an O(η 2 ) rather than O(η 3 ) leading-order dependence on the symmetric mass ratio. This result, while agreeing with our prediction, appears to disagree with the recent work of Baker et al. [57] . Thus additional work with new configurations may be needed in order to determine leading-order dependence, or indeed, if this dependence is a function of the configuration. 
